Abstract. Short-wavelength wrinkles that appear on an initially stretched thin elastic plate 6 under transverse loading are examined. As the degree of loading is increased so wrinkles appear and 7 their structure at the onset of buckling takes on one of three distinct forms depending on the size of 8 the imposed stretching. With relatively little stretching, the wrinkles sit off the rim of the plate at 9 a location which is not known a priori, but which is determined via a set of consistency conditions. 10
Introduction. It is well known that the governing equations for thin rods,

21
plates and shells can be obtained systematically from the general theory of nonlinear 22 elasticity by appealing to suitable asymptotic approximations that exploit the slender-23 ness of such configurations. Typically, the outcome of these reduction schemes is an 24 entire hierarchy of equations rather than a unique set; furthermore, their merit can-25 not be always gauged a priori and requires a case-by-case appraisal. The Föppl-von 26 Kármán (FvK) nonlinear plate equations were originally derived by ad-hoc approx-27 imations but also represent the result of a particular asymptotic reduction (cf. [1] , 28 pp.367-447), and have proved to be a versatile choice for describing many interesting 29 phenomena associated with thin elastic films (e.g., [2] ). Arguably, this system rep-30 resents the simplest nonlinear model able to capture the coupling between bending 31 deformations and the in-plane stretching of the plate mid-plane. This approximation, 32 however, does come at at a price and, despite its apparent simplicity, analytical solu-33 tions of the FvK system are scarce. The one notable exception is the "Euler column"
34
[3] solution that describes a zero-Gaussian curvature deformation.
35
The principal aim of the work reported here is to throw light on a number of only be determined by a direct numerical simulation of the full governing equations.
55
In a strict mathematical sense little can be deduced for µ = O(1), but it has been 56 demonstrated in [4] that even then singular perturbation methods can still be used 57 to provide a useful lower bound for the right-hand branch, C
0 . This is somewhat 58 fortuitous, but proves to be possible because, even though λ is formally O(1), in 59 practice its computed value turns out to be quite large so it can be effectively used as 60 an asymptotically large quantity. We remark that this is an unexpected bonus and for the initially stretched thin elastic plate subjected to transverse pressure. The vertical axis indicates the non-dimensional pressure λ and the abscissa records the mode number m > 0. The parameter µ ≥ 0 represents a non-dimensional measure proportional to the initial degree of radial stretching; thus, the blue curve illustrates an unstretched plate (µ = 0), while the red one corresponds to a taut circular configuration (µ 1).
Our previous investigations have established that in the limit µ 1 the FvK see [10, 11] ); for instance, in our problem the decoupled equations are linear and can be to what happens to the FvK system as µ is increased from zero (an unstretched plate)
72
to µ 1 (a well-stretched plate), and it is this route to decoupling that motivates 73 our present study.
74
At this early stage we emphasise that our interest is with the pure buckling 75 problem; that is to determine the nature of λ = λ(µ; m) which is just sufficient to 76 excite wrinkles of wavenumber m for a given µ. Poisson's ratio 0 < ν < 1/2.
163
The starting point for formulating the relevant bifurcation problem is the well- the standard (in-plane) identity tensor I 2 = e r ⊗ e r + e θ ⊗ e θ .
175
As already mentioned, the plate is clamped in the vertical direction and has 176 normal tractions prescribed along its circumference; this corresponds to
To simplify (1) we set ρ := r/a and introduce the dimensionless quantities 
where the new dependent variables are Θ ≡ Θ(ρ; λ, µ) := dw/dρ and Φ ≡ Φ(ρ; λ, µ) :
194
The system (4) must be solved subject to the boundary conditions
196 2.1. The bifurcation boundary-value problem. As usual, bifurcations from the symmetric basic state (4) are described by a set of equations which follow easily via the method of adjacent equilibrium. This involves considering perturbations to the basic state w =ẘ(ρ), F =F (ρ) which are substituted in the dimensionless version of (1) and then linearized with respect to the incremental fields w ≡ w(ρ, θ) and F ≡ F (ρ, θ). The final linear system of partial differential equations is
which can be simplified further by looking for solutions with separable variables,
where m ≥ 0 is an arbitrary integer at this stage. The unknown amplitudes in (7) 199 satisfy the linear system
where we have introduced the ordinary differential operators
This eighth-order system is to be solved subject to suitable regularity conditions at 206 the centre of the plate together with the rim conditions (2) appropriate for a flexurally 207 clamped plate. In dimensionless form these constraints become simply
209
Our stated intention with this work is to explore the behaviour of the FvK sys- non-dimensional parameter ∆ 1. The strategy we shall adopt is to monitor the 214 behaviour of the system by using various quantities expressed in terms of the ∆.
215
In particular results developed in [6] showed that when the wavenumber m is large 216 the corresponding critical loading required for wrinkling occurs at a value λ ∝ m 8/3 .
217
Guided by this we write
together with the squared mode number
221
We remark that we could subsume the quantity M 0 within the definition of ∆, without 222 any loss of generality. However, it will prove helpful to be able to investigate various for the in-plane stretching µ, but the relevant sizing becomes evident in the course of 238 the calculations described below.
239
In the following we shall see that as we increase the magnitude of the dimensionless 240 background tension µ the solution structures evolves through three distinct stages I- 
Leading-order terms in (4) reduce to
from which it quickly follows that
It is a routine exercise to show that at the centre of the plate
for some constant A ∈ R that could be determined numerically, but whose value is which requires 
whereupon, governed by the behaviours (16), we expect that
If a dash denotes differentiation with respect to X, then substitution in (4) shows 274 that the zeroth-order terms satisfy
and matching with the outer behaviour (16) demands that φ 0 ∼ δX 2/3 and θ 0 ∼ 277
It is the rim condition Φ(1) = µ 2 from (6) that provides the clue for the appro- so the wrinkle exists at some location X = X 0 about which we define the rescaled
There are now two issues to be settled: (i) what sets the value of the location X 0 and
297
(ii) how is the disturbance confined to the vicinity of this point? We can begin to 
where the constants φ ij denote the j th derivative of φ i (X) evaluated at X = X 0 .
305
Taking derivatives shows that for if we were to delve deeper into later terms in our series solutions. the squared mode number m 2 defined by (12), the scene is now set for determining 316 the important equations. We look for a solution of (8) of the form Terms of O(∆ 6 ) in the two equations yield
The consistency of this linear homogeneous system in W 0 and Ψ 0 requires 
336
We need to proceed as far as O(∆ 11/2 ). We determine that
340
The consistency of this pair requires
which, when cast in the generic form layer governing the base structure.
349
We now have the information we require to uncover the location of the wrinkles 
399
In view of the boundary conditions we suppose that φ 0 ≡ 1, a claim that can be 400 checked later. Given this, it follows quickly that θ 0 = −1 + exp(−z) and we can also 401 deduce that φ 1 is proportional to z. We cannot tie down this solution completely 402 without recourse to the far-field conditions (36) for X → ∞. The fact that the 403 solution does not match directly onto the far-field requirements suggests strongly 404 that the inner-solution zone must be supplemented by some form of outer structure.
405
It is not difficult to verify that this outer zone lies where
and that here
408
To match with the inner region requires that Θ 0 → −1 and Φ 0 → 1 as Y → 0. Leading-order terms in the governing equations (35) give
This latter equation admits the exact solution Φ 0 = (1 + 3 Y /2) 2/3 which hence yields 
where the precise value of c ∈ R will not be required.
418
We have now shown that when Λ 1 the appropriate solution of (35)- (37) 419 develops a two-layer structure with an inner O( Λ −1/2 )-zone and a wider outer region.
420
We still need to identify the corresponding values of M 0 and X 0 that together fulfil the We proceed by examining the first of the consistency conditions in (39). Given 
449
We need to be careful that we continue to examine eigenstates with mode numbers consistent with those appropriate to stage I; that is, we should keep m ∼ ∆ 3/2 . This then suggests λ 0 ∼ µ 0 while a second constraint for fixing the appropriate sizings for λ 0 and µ 0 follows from the wrinkling structure itself. Using equation (32) are crucial to avoid confusion.
456
Our discussion immediately above suggests that the stretching and loading must 457 be scaled according to
which replace (20) and (11), respectively. We have been careful to ensure that we 460 continue to seek eigen-deformations with mode numbers O(∆ 3/2 ), so suppose that
462
Once again, we proceed assuming that µ † 0 is fixed and given, and endeavour to find 
.
472
Previously we needed to solve for Φ 0 subject to the requirement that it vanished as 473 ρ → 1 − ; however, now the enhanced value of µ in (49) means that we simply require
We need to ascertain the behaviour of this solution in the rim zone X = O(1) and it 477 is straightforward to deduce that if φ 0 (1) ≡ β then in the rim zone
479
This manuscript is for review purposes only.
If where X = O(1) the wrinkle adopts the form
then leading-order terms arising from substitution in (8) tell us that
At next order in equation (8a) we find that 
490
We now have the elements required to determine the loading parameter λ † 
for some function G[ · ] that can only be determined numerically; the form of this 499 function is illustrated in Figure 4 . 
515
We anticipate that once more m 2 = ∆ 3 M , for some M = O(1), but that the com-516 mensurate loading is now
where λ j = O(1) (j = 1, 2) are yet to be determined. In passing we remark that this scaling that m ∼ µ 3/4 was first derived using asymptotic arguments by Coman & Bassom [8] and later Davidovitch et al.
[20] gave a simple argument based on scaling to confirm this result. Earlier in the paper we stressed our desire to take a solitary one-term form for λ and, at face value, it seems that we are now deliberately deviating from this route. The reason is not difficult to appreciate; at such high values of µ the first term in the loading form (62) is independent of the wrinkle mode number m according to the predictions of stage II. Thus, a simple one-term form for λ would no longer be adequate to capture any wavenumber variation whatsoever, which forces our consideration of the more complicated (62). Now, across the main part of the plate, the series (51) becomes
where Φ j ≡ Φ j (X) and Θ j ≡ Θ j (X) (j = 0, 1, 2, . . . ) are to be determined. Note that 
531
Standard numerical work (which is relegated to the supplementary material) shows 
539
(j = 0, 1, . . . ) components need to do. However, use of (64) in (8a) yields
We recognise this equation once again as related to an Airy form, and elementary 542 algebra shows that a non-trivial solution with W → 0 as X → 0 and X → ∞ is 543 possible if
544
(66)
where Ai(−ξ 0 ) = 0, ξ 0 2.331. Now, while the leading-order term in (62) was 546 independent of M , we observe that λ 1 → ∞ both as M → 0 and as M → ∞. Thus,
547
we can identify the wavenumber that corresponds to the least loading, and minimizing 548 λ 1 with respect to M gives the critical point ( M c , λ 1c ) (1.6877, 13.0346).
549
We remark that the solution W 0 does not fulfil all eight of the rim conditions 
560
The predictions of these last formulae are illustrated in Figure 5 , where we compare 561 them with some direct numerical simulations of (8) it should be remembered that the asymptotic result (67b) consists of only one term.
567
Better improvement could be expected should further terms in (67b) be developed This manuscript is for review purposes only.
(PCF, non-critical) (Airy, intermediate) (Airy, critical) 
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It is important to appreciate some of the inherent limitations of our results. We of boundary conditions. The principal stresses were found to be always tensile if the 627 inner boundary is stress free.
628
Our problem here has the feature that the loading intimately ties together the to be developed in tandem. This is the feature that suggested it would be advanta-
635
geous to view λ as given and then calculate the associated wrinkle wavenumber. This 636 strategy has enabled us to monitor the stability characteristics of the system as the 637 in-plane loading varies from completely unstretched right through to a taut geometry.
638
Whilst we have been able to implement similar techniques in related situations, we 639 believe this is first example where it has proved possible to track the effect of a varying 640 physical parameter over such an extended regime. It would be of considerable inter-641 est to know whether the problem we have here is somewhat special in that respect or 642 whether the approach has more general applicability.
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The referees are thanked for their numerous comments which led to improvements 644 in the paper. 
The corresponding boundary conditions correspond to a weakly clamped plate and assume the form (SM5) W = dW dρ = Ψ = dΨ dρ = 0 , for ρ ∈ {0, 1} . for some λ j = O(1) (j = 1, 2, . . . ). Our main goal is to find λ 1 and λ 2 .
A little more than a simple exercise in elementary algebra indicates that away from the rim of the plate (ρ = 1) our basic-state fields must be expanded acording to Φ = ∆ 4 Φ 0 + ∆ 3 Φ 1 + ∆ 2 Φ 2 + . . . , (SM8a) Θ = ∆ 2 Θ 0 + ∆Θ 1 + Θ 2 + . . . ,
where the behaviours of the unknown coefficient functions Θ j ≡ Θ j (ρ) and Φ j ≡ Φ j (ρ) (j = 0, 1, 2, . . . ) can be found as explained below.
Substituting (SM8) in (SM1a) leads to the algebraic relations We recall that the base condition Φ = µ 2 on ρ = 1 leads to the middle of the above boundary conditions, while the vanishing of the derivative at the rim was provoked by the outcome of stage II. By solving numerically the eigenvalue problem (SM11) we find (SM12) K 0 3.212 .
We are going to need the form of the basic state inside the rim zone (i.e., the wrinkling layer), where ρ = 1 − (X/∆) with X = O(1). To this end we need to note that φ 0 (1) = 0 (fixed), φ 0 (1) = 1−(K 2 0 /2) (using the equation) and φ 0 (1) = −(3+K 
